A new two-dimensional nonlinear membrane plate theory is derived via a formal asymptotic procedure for a family of hyperelastic nonlinear materials proposed by Ciarlet & Geymonat [11] whose stored energy function is polyconvex and becomes infinite when the determinant of the deformation gradient tends to zero, and can be adjusted to arbitrary Lamé constants.
Introduction
The problem of deriving nonlinear two-dimensional plate models from nonlinear three-dimensional elasticity meeting the fundamental requirement of continuum mechanics i.e. frame-indifference has been extensively studied since the pioneering papers of Ciarlet & Destuynder [9, 10] , where the method of formal asymptotic expansions in powers of the thickness was cast in a modern functional framework. Since, the method has been widely used to justify a multitude of elastic plate models such as those of Koiter and Naghdi, as well as a variety of shell models. Meanwhile, the procedure itself has undergone numerous developments culminating in the most refined framework set up by Fox, Raoult & Simo in [14] , where minimal assumptions are made on the data to produce a whole hierarchy of nonlinear two-dimensional models depending on the order of magnitude of the loads for a Saint Venant-Kirchhoff material. The first two models obtained in this fashion are what is referred to in the mechanical litterature, see for instance Green & Zerna [16] , as the classical nonlinear membrane plate model and the classical nonlinear inextensional bending plate model. Both models are frame-indifferent which is not true for the models raised for smaller loads such as the von Kármán plate model previously justified by Ciarlet [6] . For an almost exhaustive survey of these models and related litterature, we send the reader to Ciarlet [7] for the plates and to Ciarlet [8] for the shells.
A rigorous proof of convergence to a nonlinear membrane model was provided in Le Dret & Raoult [17, 18] where plate-like bodies were considered with the same external loads assumptions as in Fox, Raoult & Simo [14] . Futhermore, their result applies to a general hyperelastic material. Their method relies on Γ-convergence arguments and was inspired by the paper of Acerbi, Buttazzo & Percivale [1] dealing with nonlinearly elastic strings. Let us emphasize the fact that in the latter case, the limit model being one-dimensional, convexity arguments could have been used whereas in the two-dimensional case, convexity is not sufficient. Therefore, the asymptotic analysis performed by Le Dret & Raoult is far from being a mere direct generalization of the onedimensional case. Another advantage of this asymptotic justification besides being a rigorous convergence result is that the minimization problem associated to the limit two-dimensional problem is relaxed thus providing solutions which is not the case for the classical nonlinear membrane plate model. As a matter of fact, local minimizers are obtained in various instances of such membranes under tension by Coutand [12] and a non-existence result for the nonlinear membrane under compression is provided in Trabelsi [25, 26] . Note that, Friesecke, James & Müller [15] obtained a similar convergence result producing the classical nonlinear inextensional bending plate model. Prior to this paper, an attempt by Pantz [21, 22] to produce this result made a partial justification of the convergence.
Another difference between the two approaches described above is that Fox, Raoult & Simo [14] impose the orientation-preserving condition which is expressed by the strict positivity of the determinant of the deformation gradient. Due to technical reasons, this physical requirement was dropped by Le Dret & Raoult [17, 18] . In the former case, this condition resulted in a restriction on the set of admissible two-dimensional deformations; see section 5. Hence, the attempt of Pantz [19, 20] , to show that if the orientation-preserving condition is dropped, one can retrieve the limit model in Le Dret & Raoult [17, 18] by means of a purely formal asymptotic procedure, albeit before relaxation. What is more, the author converts the classical method from solving a sequence of local boundary-value problems to solving the associated sequence of minimization problems which proves to be, if not more efficient, at least more agreeable since the expressions dealt with tend to be simpler as will be illustrated below. In addition, instead of choosing particular test functions to solve the problems in the classical method, we minimize numerical functions defined on 3 which is obviously more natural and ultimately more legitimate.
Our motivation for this work was to produce two-dimensional nonlinear plate models for a more realistic hyperelastic material that agrees with all the fundamental physical requirements such as frame-indifference, the behaviour for large deformations and the behaviour for small deformations, while exhibiting good mathematical properties, mainly ensuring the existence of solutions to the minimization problem describing the state of equilibrium of an elastic body made of such a material. It turns out that a certain family of Ogden materials proposed by Ciarlet & Geymonat [11] and defined through its stored energy function, referred to here as the Ciarlet-Geymonat stored energy function, fulfills all of the above prerequisites. Our initial hope was that the eventual membrane model would present good mathematical properties that would allow for the existence of minimizers as the classical nonlinear membrane plate model inherited the bad behaviour of the Saint Venant-Kirchhoff material. Unfortunately, the associated minimization problem has to be relaxed yet.
In a sequel to this paper, we continue the asymptotic procedure started here to derive the classical nonlinear inextensional thin plate model as already justified several times in the litterature [15, 14, 20, 21] .
The outline of of this paper reads as follows. Section 2 introduces the three-dimensional problem. We consider a family of plates of thickness 2ε and midsurface a bounded open subset of 2 . All of these plates are assumed to be made of the same homogenous and isotropic hyperelastic material whose stored energy function was given by Ciarlet & Geymonat. The state of equilibrium of the family of plates is defined as a family of energy minimization problems over a set of admissible deformations smooth enough for all expressions involving them to make sense and satisfying the orientation-preserving condition. In Section 3, we transpose the problems to a fixed domain no longer dependent of ε to be able to carry out an asymptotic analysis and we duly renote the data of the problem. Then, we make the Ansatz that the deformations as well as the other data of our problem admit asymptotic expansions in powers of ε which will in turn induce expansions on the energy terms resulting in the generation of a sequence of energy minimization problems associated to the different powers of ε. Finally, we expose the asymptotic procedure set up by Pantz [20] . Section 4 is devoted to solving the problems of negative order. We show that the leading term of the expansion of the deformation does not depend on the third variable that is the thickness.
In Section 5, we obtain a two-dimensional energy minimization problem that models the state of equilibrium of a nonlinear membrane plate and whose solution is the leading term in the expansion of the deformation. The order of this energy with respect to ε is one. We compare the result to those obtained for a Saint-Venant Kirchhoff material and show that our stored energy function behaves exactly as the classical membrane energy for small deformations.
Formulation of the three-dimensional problem
A plate is an elastic body whose natural reference configuration is a cylinder whose height, also called thickness, is small compared to the other two dimensions. We denote by ω the interior mid-surface (here, a plane) parallel to the base of the cylinder. Let (e i ) i=1,2,3 be an orthonormal basis of
Reference configuration, loading and boundary conditions
In its reference configuration, the plate occupies the domain
where ω is an open subset of 2 and ε is the small parameter (i.e. small compared to the dimensions of ω). The boundary ∂Ω ε of Ω ε is partitioned as Γ
The Ciarlet-Geymonat polyconvex stored energy function
We introduce | . | the euclidien norm on n×m and adj n∧m F the matrix of all k × k minors of the matrix F ∈ n×m , where 2 ≤ k ≤ n ∧ m = min(n, m). The definition of the Ciarlet-Geymonat polyconvex stored energy function (see Ciarlet & Geymonat [11] , see also Ciarlet [5] ) is given in the theorem below Theorem 1.1. Let λ > 0 and µ > 0 be two given Lamé constants. The stored energy functions defined by 
(1.6)
In order that
we must have
where the first equation expresses the fact that W (I) = 0. Moreover, these equations have to be solved in such a way that a > 0, b > 0 and Γ (1) ≥ 0, to verify the polyconvexity condition. Note that the strict positivity of d is necessary to ensure the requested behaviour as the determinant tends to 0. Therefore, as Γ (1) = d, the last condition above is de facto verified. We rewrite the above system as follows
Adding the last two equations above yields d = 
and s ∈ (−µ, −µ/2), satisfy all the requirements stated in the theorem; the coerciveness inequality holds with A = min{a, b, c} and B = e. 
(ii) We draw the attention of the reader to a slip in the proof of the theorem in Ciarlet & Geymonat [11] where the authors claim that they find strictly positive constants a, b, c, and d such thatŴ is polyconvex and satisfies the requirements (1.2)-(1.4). In fact, they propose 4a ∈ (−λ + 2µ, 2µ) where clearly a can take negative values (for instance, for lead, aluminium and rubber −λ+2µ < 0; cf. Ciarlet [5] ). However, this can be rectified as it seems that in their proof condition a > 0 has simply not been taken into consideration. Indeed, the result as stated in their paper remains nevertheless valid. 
Practical notations
To carry out the computations involved in the asymptotic analysis, we need to introduce two notations to slightly condense the expressions involved to make for a lack of explicit mechanical tensors in the expression of the CiarletGeymonat stored energy function. Hence we define the 3 × 3 tensors C ε (ψ ε ) and E ε (ψ ε ) whose components are given below:
so that we can express the Ciarlet-Geymonat stored energy function (1.1) as
Note that the newly introduced tensors are symmetrical. Also recall that we use the summation convention on repeated indices and i, j ∈ {1, 2, 3}.
Setting of the asymptotic procedure

Scaling and change of coordinates
The solutions ϕ ε to the above three-dimensional problem are defined on the set Ω ε which varies when ε does. In order to carry out an asymptotic analysis, it is useful to operate a scaling that transposes the problem onto a fixed domain. Therefore, we define the operator π ε by
For every function f ε and every functional G ε , we define
An element in Ω has coordinates (x 1 , x 2 , ξ); differentiation with respect to ξ is denoted by the subscript , ξ . The minimization problem equivalent to P ε and associated with the ε-independent domain Ω ε consists in finding solutions to the problem
where the manifold of admissible deformations is noŵ
Asymptotic expansion of the configuration
Before exposing the asymptotic procedure that will be applied to the above configuration, we need to make two assumptions that will ensure the consistency of our analysis. The first one is necessary because of the presence of boundary-layer regions around the neighborhoods of the clamped parts of the plates, which are not encompassed by the formal procedure below. Therefore we modify the boundary datum by definingφ ∈ F(ω; 3 ) as follows
and we consider the following minimization problem
where the manifold of admissible deformations is
Moreover , we assume thatφ(ε) is independent of ε:
Furthermore, as a solution ϕ(ε) ∈ M(ε) depends on the parameter ε, we assume that all the other data of the problem P (ε) as well as the solutions ϕ(ε) admit asymptotic expansions. More precisely, Ansatz 2. The data in problem P (ε) admits the following asymptotic expansion in powers of ε:
The above function g :
is obviously defined in this fashion:
Ansatz 3. Deformations ϕ(ε) can be likewise expanded in powers of ε:
For any functional F (ε), we associate the following functional
.).
And from now on, ϕ and ψ will stand for the sequences (ϕ i ) i∈ and (ψ i ) i∈ respectively.
Asymptotic expansion of the energy terms
We recall that C ij (ε) and E ij (ε) are defined by
We also recall that
In the same obvious manner we define the 3 × 3 tensors C(ε), E(ε),Ĉ(ε) and E(ε), all of which are symmetrical. In order to compute the asymptotic expansions of the energy terms, we need to begin by computing the asymptotic expansion of ∇ψ
Lemma 2.1. The tensorĈ(ε) admits the following asymptotic expansion
where the components of the tensors C n (ψ) have the following expressions
Proof. From the expansion of the deformation gradient (2.1), we recover the following identities
Then, it suffices to factorize with respect to the powers of ε in the following productŝ
Lemma 2.2. The tensorÊ(ε) admits the following asymptotic expansion
where the components of the tensors E n (ε) have the following expressions
Proof. As in the precedent lemma, we write
and factorize with respect to the powers of ε to conclude.
Let us introduce the following notation for the logarithm term in the expression of the Ciarlet-Geymonat stored energy function
Accordingly, we havê
Lemma 2.3. The functionD(ε) admits the following asymptotic expansion
where the components have the following expression
In the above formula, we do not expand the general expression of D n (ψ) in terms of the derivatives of the expansion of the deformation which is obtained by injecting the expressions of the components ofĈ(ε)(ψ) andÊ(ε)(ψ), given in Lemmas 2.1 and 2.2 respectively. In fact, the computations are very tedious and, as will be seen later, only the first few terms will be required.
Lemma 2.4. The functionL(ε) admits the following asymptotic expansion
Proof. We havê
Lemma 2.5. The functionalÎ(ε) admits the following asymptotic expansion
The above expansion is obtained by replacing the terms C ij (ψ) and E αi (ψ) by their respective asymptotic expansions given in Lemmas 2.1 and 2.2 and operating the change of variable x 3 = εξ in the integral. The lowest-order terms (i.e. C 33 (ψ), E α3 (ψ), . . . ) are of order −2 in ε. However, the change of variable multiplies all the integrals by ε, so that the lowest-order term in the expansion of the internal energy is of order −1. The general expression of the terms I n (ψ) is too long to be given here and pointless as only the first terms will be of use in what follows and will computed these terms while solving problems P n .
Lemma 2.6. The linear formˆ (ε) admits the following asymptotic expansion
where
Proof. Again, this is obtained by replacing the different terms in the expression ofˆ (ε)(ψ) by their respective asymptotic expansions and making the change of variable x 3 = εξ in the integral.
Proposition 2.7. FunctionalĴ(ε) admits the following asymptotic expansion
Proof. The above result is a direct consequence of the equalityĴ(ε) = I(ε) −ˆ (ε) and Lemmas 2.5 and 2.6.
Finally, the local orientation-preserving condition det ∇ψ(ε) > 0 translates as follows
and should be understood for ε small enough so that the positivity of the above expression is equivalent to the positivity of the leading term in the expansion in powers of ε.
The asymptotic procedure
We can now break problem P (ε) into a sequence of ε-independent minimization problems as follows:
In other words, if we call P n the problem consisting of minimizing functional J n over the set M n , then solving problem P (ε) is equivalent to solving the sequence of minimization problems (P n ) n∈ . The above proposition can be proved by induction; see Appendix A in Trabelsi [28] , see also Pantz [19, 20] .
3 Solving problems (P n ) for n ≤ 0
In this section, we solve problems (P n ) n≤0 . These problems have the property that of being independent of the applied forces. In particular, we show that the solutions to these problems are the deformations whose leading-order term in the asymptotic expansion does not depend on the thickness of the plate. Proof. We consider the first problem (P −1 ) which consists of finding ψ in M −1 such that
Problems without exterior forces
by Proposition 2.7 and Lemma 2.6. Next, 
so we deduce that 
Solving problem P 0
A direct consequence of the above result is
and the asymptotic expansion of the logarithm term reduces tô
Proof. All of the above quantities have ψ 0 , ξ = 0 in factor, cf. Lemmas 2.1-2.2, therefore they trivially vanish. For the logarithm term expansion, it suffices to notice that as all negative-order terms vanish, we have D −2 (ψ) = D −1 (ψ) = 0 for all ψ ∈ M 0 , and the result is deduced from Lemma 2.4.
The above corollary entails that I 0 (ψ) = 0, so that J 0 (ψ) = − 0 (ψ) for all ψ ∈ M 0 . Thus problem P 0 reduces to finding configurations ψ in M 0 that minimize
However, problem P 0 admits minimizers if and only if g 0 + + g 0 − = 0. Henceforward, we make the stronger assumption that g ± = 0 on Γ ± , which implies that the leading-order terms in the loading on the top and bottom surfaces are of order 1. This assumption is physically legitimate as it means that the plate of thickness 2ε cannot endure a non-vanishing resultant surface load as the thickness ε tends to zero. Finally, once this condition is satisfied, problem P 0 becomes trivial and consequently M 1 = M 0 . Remark 3.3. Now that ψ 0 , ξ = 0, inequality (2.2) implies that the orientationpreserving condition det ∇ψ(ε) > 0 becomes
In other words, we have
That is, for ε small enough, we are left with the following requirement
A nonlinear membrane theory
In this section we show that problem P 1 gives rise to a nonlinear membrane model. In other words, the two-dimensional stored energy function obtained below depends only on the first fundamental form of the deformed plate's midsurface. 
A nonlinear membrane plate model
h 0 dξ and e = 2e + 2d (1 + ln c/d) .
For clarity, we break the proof of Theorem 4.1 into a series of lemmas. 
and
Proof. We consider problem P 1 i.e. finding a deformation ψ such that
First of all, we sum the total energy along the thickness. The contribution of the external forces to the energy is
while the contribution of the internal energy is
Now, we can write 
which in turn implies the announced result since
The following lemma will serve to compute inf 
Consider the function
Proof. We investigate the critical points of F that is the triplets (t, X, Y )
First of all, we remark that the first equation in the system above is equivalent to
Hence, the couple (X, Y ) is the solution to the following system
which in turn reduces to the Kramer system
2 . Now either ∆ = 0 and the solution is a line whose equation is given by either of the equations (4.6) above or ∆ = 0 and the unique solution to the above system is (X, Y ) = (0, 0) . We investigate both cases separately. Then, from identity (4.5), we deduce that
Finally, injecting the two above identities in F , we obtain
To compute the minimum ofF , we need to recall the condition (4.3) so that the factor of X 2 is strictly positive and inf F (X) =F (0) = F (m). Furthermore, from identities (4.7) and (4.5), we retrieve m = d/(K + Q), 0, 0 . Case 2: ∆ = 0. In this case, the unique solution to the Kramer system (4.6) is (X, Y ) = (0, 0), then we conclude as above. This terminates the proof. Lemma 4.5. inf
Proof.
We substitute E 0 α3 and C 0 α3 by their expressions from Lemma 4.2 in identity (4.2)
Then, we remark that
, and K αβ = c C 0 αβ (see Lemma 4.4) provided that condition (4.3) is satisfied and |ψ 
which yields the announced result and the deformations ψ that minimize the functional
(4. 
Proof. Now, to be consistent, it remains to show that there exists such ψ ∈ M 1 1 verifying the above conditions (4.8). Here we recall the orientationpreserving condition and more precisely inequality (4.9) 9) which together with the system (4.8) fully determine ψ 1 in a unique manner as
where n(
,2 | and the proof is finished.
Remark 4.7. (i) For notational brevity, the dependance on φ 0 , whenever ψ = (φ 0 , ψ 1 , ψ 2 , · · · ) is a deformation, will be dropped without notice. (ii) Note that the following identities hold
(ii) Another convenient notation is the expression of
, which can be retrieved from the computations involved in the proof of Theorem 4.1. In fact, from equation (4.5), we deduce that
(4.10)
The local boundary-value problem
In this section, we give the Euler-Lagrange equations satisfied by a nonlinear membrane plate in a state of equilibrium described by the total energy given in theorem 4.1. This is made possible by formally assuming the deformations to be smooth enough to carry out all necessary computations. 
Proof. By definition, the deformation ϕ
for all t ∈ and for all ϕ * ∈ F(ω; 
It is obvious that in the above formula, W m is regarded as a function of ϕ 0 . Note that the expression of D 0 is given in the remark 4.7. More precisely we have
so that expression (4.11) becomes
Now integrating by parts DJ 1 m (ϕ 0 ).ϕ * = 0 brings up the following equality
The above integration by parts is licit only if ϕ 0 is smooth enough for M αβ 0 to be, for instance say in W 1,∞ (ω; 3 ). Then we infer from the preceeding the announced result.
Commentaries on the nonlinear membrane plate model
Comparaison to nonlinear membrane models derived for a Saint VenantKirchhoff material
Before proceeding with a closer inspection of the membrane plate model obtained in this section, we recall the nonlinear membrane models derived for a Saint Venant-Kirchhoff material. In Fox, Raoult & Simo [14] , the authors use a reformulation of the classical asymptotic procedure introduced in Ciarlet & Destuynder [9] to obtain a model which consists of minimizing the following total energy
for all matrices F ∈
3×2
, on the set of deformations φ 0 : ω → The main difference between their asymptotic procedure and our approach is that instead of solving the sequence of minimization problems they solve the sequence of associated local boundary-value problems. As in our work they require the orientation-preserving condition det ∇ψ(ε) > 0, which is a legitimate requirement all the more considering that a Saint Venant-Kirchhoff material allows for annihilating volumes. However, apparently this latter requirement is to blame for the restrictive condition (4.13) on the set of admissible deformations as it does not allow the normal to the surface to vanish. Actually, Pantz [19, 20] uses the asymptotic procedure we use here, to derive a nonlinear membrane model for a Saint Venant-Kirchhoff material without imposing that the deformation satisfy det ∇ψ(ε) > 0 and consequently obtains a model that makes no restriction on the deformations. More precisely, the latter model consists of minimizing the following total energy
on the set of deformations φ 0 : ω → 3 such that φ 0 |∂ω φ =φ |∂ω φ . Le Dret and Raoult [17, 18] obtain the first nonlinear membrane plate model to be derived via a rigorous asymptotic procedure which uses Γ-convergence arguments. Actually, their result applies to a whole class of elastic materials whose respective stored energy functions satisfy some ad hoc growth and coercivity conditions. However, these materials bear the drawback of allowing for annihilating volumes. A classical instance of such a material is the Saint Venant-Kirchhoff. In this particular case, and without making the orientationpreserving requirement, the derived model consists of minimizing the following functional 15) on the set of deformations φ 0 : ω → 3 such that φ 0 |∂ω φ =φ |∂ω φ , where QW 0 is the quasiconvex envelope of W 0 . Note that they derive the exact relaxation of the energy (4.14) obtained by Pantz [19, 20] à posteriori. Hence as a consequence of their convergence result, they also prove the existence of minimizers to the functional (4.15). Moreover their result gives more evidence to the fact that membrane plates do not resist compression as QW 0 (F ) = 0 if det ∇F ≤ 1; see Trabelsi [25] for non-existence of minimizers to the functionals associated to the energies (4.12) and (4.14).
Constitutive properties of W m
In our case, the model is derived for an elastic material which is physically more realistic as it obeys the additional property that
In this fashion, the orientation-preserving condition is naturally imposed. A remarkable consequence is that the two-dimensional model precludes singular folds of the midsurface as follows
Note that this behaviour implies that among smooth deformations, only immersions can be minimizers of the elastic energy. What is more, no restriction is made on the admissible deformations. Nevertheless, this is not enough to make for a lack of convexity that would ensure the existence of minimizers to the associated minimization problem stated in Theorem 4.1; this issue is discussed in the next paragraph. Besides, it inherits the material frameindifference property satisfied by the Ciarlet-Geymonat model which states that the energy should be independent of the cartesian frame in which it is computed, namely we have
The above property is usually restricted to matrices with a strictly positive determinant in the three-dimensional case; see for instance Ciarlet [5] . Here, we restrict it to what remains of that initial property after the asymptotic procedure was carried out. Similarly, we mention that W m is isotropic meaning that Finally, recalling Remark 1.4, we get the aforementioned expansion (4.18).
Mathematical properties of W m
A first observation is that W m is not rank-one-convex. For instance, consider vectors e α of the canonical base of 3 , then (e 1 | − e 2 ) + (e 1 | e 2 ) = 2 (e 1 | 0) and rank [(e 1 | e 2 ) − (e 1 | − e 2 )] ≤ 1. However, W m (e 1 | − e 2 ) + W m (e 1 | e 2 ) < ∞ and W m (e 1 | 0) = +∞. Another way of verifying this is submitting W m to one of the criterions of rank-one-convexity in Dacorogna, Douchet, Gangbo & Rappaz [13] . Tartar proves in [23] that the rank-one-convexity of W m is necessary for the associated functional J 1 m to be sequentially weakly-lower semicontinous on W 1,∞ (ω; 3 ). In fact, by the relaxation theorem provided by Ben Belgacem [4] and dealing with singular functionals defined on Sobolev spaces, we claim the following Proof. All we have to do is check that function W m satisfies the requirements of the relaxation theorem in Ben Belgacem [3] . Furthermore, in this instance we have
Lastly, it is easy to see that the Kohn & Strang sequence (R k W m ) k∈ is upper semicontinuous as an infimum of a family of upper semicontinuous functions.
Remark 4.11. For further properties of the relaxed stored energy function for a nonlinear membrane plate QRW m derived in this fashion, we send the reader to Trabelsi [28, 27] .
Remark 4.12. The results proved here were announced in Trabelsi [25] ; see also Trabelsi [28] .
